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Gleason’s theorem gives the general form of the weight enumerator of a 
linear binary self-dual code; it is a linear combination with integral coeficients 
of certain polynomials. When the subcode of words whose weights are mul- 
tiples of 4 is not the whole code, the MacWilliams identities applied to that 
subcode yield divisibility conditions on those coefficients. The conditions 
show that there are no further extremal codes, for Case 1 in the sense of Mallows 
and Sloane, than the ones known. 
1. A DIVISIBILITY THEOREM 
Let C be a linear binary self-dual code of eveu length II = 8m + 2 
(and dimension in), where 0 < t < 3. If  Aj is the number of words of 
weight,j in e, the weight enuruerator of C is the polynomial 
‘IL 
W(x) = c A$. 
i=O 
Gleason’s theorem [I], in the uotation of [2], says that 
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We are interested in the case C, # C. That happens if and only if 
W,(l) = 2(“/2)-1; that is, since W(1) = 212/2, if and only if W(i) = 0. 
If t # 0, W(i) = 0 automatically, and if t = 0, W(i) = 0 exactly when 
a - 0. VA- 
With this background we can present our result: 
THEOREM 1. Let C be a linear binary self-dual code of length n whose 
weight enumerator is written as above, using Gleason’s theorem. Suppose 
that not all words of C have weights that are multiples of 4. Then for all k 
in the range 0 < k < m, 
Proof. The divisibility in question (which, of course, is useful only if 
6k > @) is an immediate consequence of the fact that the MacWilliams 
transform [4, Theorem 3.141 of W,(x) must have integral coefficients. 
For that transform is 
21-(“/2)(1 + X)” w  (““) = W(X) + 2-“/“(l + x)” W(iE). O 1+x 
The second term on the right is 
f. al,(- 1)” 2(n/Z)-6rcX(nlz)-4k(1 - X4)2k, 
and this must also have integral coefficients, since W(x) does. The 
triangular nature of the conversion of this sum to one in powers of x 
readily implies that 2(n/2)-6ka, must be an integer, as claimed. 
2. EXTREMAL SELF-DUAL CODES 
In [2], the a, of the preceding section were computed for a code C 
having the largest conceivable minimum weight; for most values of II no 
such code actually exists. The values of n left unsettled in [2] were: 
28, 30, 34, 36, 38,44, 46, and 54. These can all be ruled out by Theorem 1 
applied to a, . Since the computation is completely routine, we shall omit 
it, except to record that 
from [2, Theorem 11. As a matter of fact, all the values of n that are not 
eliminated in [2] by having a negative coefficient Aj (for some j) in the 
corresponding enumerator, and for which no code exists, can be ruled 
out this way. In summary, we have 
THEOREM 2. The extwnal codes of [Z, &se I] exist for n = 2, 4, 6, 8, 
12, 14, 22, 24, aredfor no other n. 
Even if the code C just has the same weight distribution as its dual 
(and words of even weight only), the weight enumerator is still given by 
Gleason’s theorem. ut without the self-duality, the divisibility condition 
evaporates. It is conceivable, then, that some codes exist that have the 
extremal weight enumerator but that are not self-dual. A few such codes 
can indeed be produced as extended quadratic residue codes: if 2 is a 
square in the field GF(q) of q elements, q a power of an odd prime, the 
binary extended quadratic residue code of length q + 1 exists. Its words 
have even weight since the all 1 word is in its dual. If -1 is also a square 
in GF(q), the code is not self-dual; nevertheless it is equivalent to its dual. 
Again when -1 is a square, the minimum weight is at least 1 + (q)‘/“. 
(All these facts are collected in [5].) Thus q = 9 and q = 17 yield codes 
having the extremal weight enumerators for the cases 12 = 10 and n = 18 
excluded for self-dual codes. By invoking further properties of quadratic 
residue codes, one can show that the code from 4 = 13 over GF(4) can be 
taken over GF(2) in such a way as to produce a code for y1 = 28 having 
the extremal enumerator. 
The other kinds of extremal self-dual codes in [2] involve binary codes 
with all words having weights that are multiples of 4, in one case; and 
ternary codes, in the other. The recent paper [3] contains strong non- 
existence theorems for these codes (valid for sufficiently large lengths) that 
augment the results of [a]. 
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